Abstract. Let G be a real simple Lie group with Lie algebra g. We consider additional structures on the Dynkin diagram of the complexification of g, known as the double Vogan diagrams. They lead to a combinatorial classification of the pseudo-Hermitian symmetric spaces of G.
Introduction
Let G be a real simple Lie group. Let σ be an involution on G, and G σ be its invariant subgroup. We say that G/G σ is a symmetric space. If in addition it has a G-invariant pseudo-Hermitian structure, we say that it is pseudo-Hermitian. The symmetric spaces are classified by Berger [1] , and the pseudo-Hermitian symmetric spaces are classified by Shapiro [7] . In [3] , we introduce the double Vogan diagrams, which leads to another classification of the symmetric spaces. This paper provides the combinatorial conditions on these diagrams to obtain an easy classification of the irreducible pseudo-Hermitian symmetric spaces.
To avoid discussions on the topology of the symmetric spaces such as connectedness and coverings, we work with Lie algebras. So g is a simple Lie algebra, σ is a ginvolution with invariant subalgebra g σ , and (g, g σ ) is called a symmetric pair. We consider only irreducible symmetric pairs, namely g is a real form of a complex simple Lie algebra. By p, the subdiagram of white vertices is the Dynkin diagram of a maximally compact subalgebra k of g, so we denote it by D k ⊂ D r . If C is a connected component of D k , we define positive integers n α for all α ∈ C so that C n α α is the highest root of C. In Definition 2.6, we define an equivalence relation on the set of all circlings on D r . The following is the main theorem of this article. 
Conversely, a double Vogan diagram that satisfies (a) or (b) represents an irreducible pseudo-Hermitian symmetric pair.
In this theorem, g σ is unique up to its conjugation class by aut(g). We prove Theorem 1.1 in Section 2. It provides a combinatorial method to classify the pseudoHermitian symmetric pairs. In Section 3, we give some examples to demonstrate this method. In Section 4, we give a complete list of pseudo-Hermitian symmetric pairs along with their double Vogan diagrams.
Pseudo-Hermitian symmetric pairs
In this section, we prove Theorem 1. We shall see in Corollary 2.5 that the double Vogan diagrams (p, c, d) which represent pseudo-Hermitian symmetric pairs necessarily satisfy d = 1, so that (2.1) simplifies to (1.1).
The next proposition and corollary provide some necessary conditions for pseudoHermitian symmetric pairs. In Proof.
We divide the arguments into two cases.
Case 1: g = so(p, q), p even, q odd. We treat this case separately because B Since r = 1, g has a compact Cartan subalgebra, say t. Since d = 1, σ acts trivially on t, so t is also a Cartan subalgebra of g σ . A Cartan subalgebra automatically contains
pseudo-Hermitian. Next we consider condition (b) of the theorem, namely r = 2. Here p paints exactly one black vertex β, so 
The first condition of (2.5) follows from m β = 1. The second condition of (2.5) is due to the fact that α i are the k σ -roots (because {α i } are not circled), and z is the center of k σ . The third condition of (2.5) is due to the fact that k is semisimple (because r = 2), so some k-roots cannot annihilate z and they have to include α. This proves (2.5) as claimed. We now prove (2. Furthermore, m α = 3 happens only on E 2 6 , and in that case n α = 1, which contradicts (2.3). Hence, m α = 1, which proves the "=⇒" part of (2.4).
Conversely, suppose that m α = 1 and β is circled. Since m α = 1, by (2.5)
Since β is the lowest root of p, and since m α = 1, all p-roots are of the form
Since σ = −1 on g β and σ = 1 on g α i , it follows that σ = −1 on the root spaces of (2.7)(a). So the p root spaces of (2.7)(a) do not belong to p σ . By the same reason, 
Examples
In this section, we provide some examples. They illustrate the application of Theorem 1.1 to obtain irreducible pseudo-Hermitian symmetric pairs. For g = e 6(2) , the Kac diagram is given by Figure 2 above. We assign the numbers 1, 2, . . . , 7 to the vertices for easy reference.
The white vertices form D k = A 1 × A 5 . We consider all possible circlings such that at most one vertex from each connected component of D k is circled, and the black vertex may or may not be circled. We then use the equivalence relation in Definition 2.6 to omit redundant circlings and obtain the following four double Vogan diagrams [3, p.1743]: By Theorem 1.1(a), a circling is equivalent to (3.1)(a) if and only if the symmetric pair is pseudo-Hermitian.
Figure 3(a):
The circling (1, 3) already belongs to (3.1)(a), so it represents a pseudo-Hermitian symmetric pair. Underline vertex α to denote the operation F α of (2.2). We have (1, 5) → (1, 2, 5) → (2), so (1, 5) is equivalent to (2) . Since (2) belongs to (3.1)(b), it follows that (1, 5) does not represent a pseudo-Hermitian symmetric pair.
Figure 3(c):
The circling (4) belongs to (3.1)(b), so it does not represent a pseudo-Hermitian symmetric pair.
Figure 3(d):
We have (2, 4) → (2, 3, 4, 5) → (3, 5, 6) → (3, 6, 7) → (3, 7), so (2, 4) is equivalent to (3, 7) . Since (3, 7) belongs to (3.1)(a), it follows that (2, 4) represents a pseudoHermitian symmetric pair.
We conclude that Figures 3(a) and (d) represent pseudo-Hermitian symmetric pairs, while Figures 3(b) and (c) do not. Figures 3(a) and (d) appear as Figure 5 (1,2) of the classification in the next section.
Classification
Using the method illustrated in the previous section, we apply Theorem 1.1 to classify all the irreducible pseudo-Hermitian symmetric pairs (g, g σ ). We list them with their 
